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6.1. Constraint Satisfaction Problems (CSPs)

What are Constraint Satisfaction Problem (CSPs) #4 2%y5ki#% &5l

CSPs are mathematical problems, defined as a set of objects whose state must
satisfy a number of constraints or limitations.

CSPsEF AR, #HENXARRSHIHESE TLARMPRHIF—HEITER
CSPs represent the entities in a problem as a homogeneous collection of finite
constraints over variables, which is solved by constraint satisfaction methods.
CSPsiF[al@i PSR RR A TZEHITERARNEIRES, BEARKEFEMAGRR,
CSPs are the research subject in both artificial intelligence and operations

research,
CSPse A LE M EF LR R IR,
B since the regularity in their formulation provides a common basis to analyze and

solve problems of many unrelated families.
XERARREN RN MEIER T BT 9 AR 22 A 18 5 o] @ py L [E] B il
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6.1. Constraint Satisfaction Problems (CSPs)

Standard Search vs. Constraint Satisfaction Problem #2525 % 2 5)50

Standard search problem #r/#&# = 555
B The state is atomic or indivisible, a “black box” with no

internal structure. E_’ ¢

HRS—RREFHRAATER), —NMEAENBEHNERET Atomic

W—"W—-—

Constraint satisfaction problem #ys:# 2 5155

B The state is a factored representation, a set of variables,
each of which has a value.
RERBARATFERT, 2—&RINETE, BIMEHENE.
B Take advantage of the structure of states.
% RIS K AL - ctored
B Use general-purpose rather than problem-specific heuristics.
KA—RAEMAZCBFENRE AR .

DHU..OO

man.OO
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6.1. Constraint Satisfaction Problems (CSPs)

Why Study Constraint Satisfaction Problem X4 2iski#% & 518

CSPs often exhibit high complexity, requiring a combination of heuristics and
combinatorial search methods.
CSPREEZMESERT, FERBANSEHENRFEZHES

Some certain forms of the CSP: = rcsP:

Boolean Satisfiability Problem (SAT) B #/RA]i#% B i)

Satisfiability Modulo Theories (SMT) B &% 2 14151

Answer Set Programming (ASP) B ZZ=&4%H

Examples that can be modeled as a CSP: myizig Hcspiy i+

8-queens puzzle B 32F0EH
Map coloring problem B EEEER
Cryptarithmetic B EEsf
Sudoku L R
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6.1. Constraint Satisfaction Problems (CSPs)

-ormal Definition of CSP csPayFs L E N
A CPS is defined as a triple <X, D, C>,where:

—/NCSPHE X H— N =JT2B<X, D, C>, Hrh.

_

X is a set of variables, {Xy,..., X }
XATEWES, X, X}

D is a set of domains, {D;,..., D,}. One D, for each variable X; ,consisting of a set

of values {V,,..., V,}
DJSERERIE S, {Dy...D}. BIDME—ITEX,, EF—HEV,. .,V

C is a set of constrains, {C4,..., C,.}. Each C, consists of a pair <scope, rel>
where, scope Is a tuple of variables that participate in the constraint, rel is a

relation that defines the values that those variables can take on.
CALRMES, {C,....Cl. BNMYRC,EBE—N_TtHscope, rel>, Hff, scope AZE5AR
H—HEHT=E, rel@—1kFR, EXXLETSAIIESRE.

Principles of Artificial Intelligence :: Searching :: CSP



6.1. Constraint Satisfaction Problems (CSPs)

-ormal Definition of CSP csPagfiest b ENX

To solve a CSP, we need to define a state space and the notion of a solution.
KEE—CSP, BANFEE N —MRSZIEFEE .

Each state is defined by assignment of values to variables: {X; = v;, X; =v;, ...}.
BMREGHEREINTEMENREREXR: X, = v, X, =v,, =}

B Consistent assignment —zitni (&

a legal assignment that does not violate any constraints.
— M EREATAREERIE.
B Complete assignment st (&
every variable is assigned, and the assignment is consistent, complete.
BN TERBWE, HAZMEE—H. TEH.
B Partial assignment Sapnitia

assigns values to only some of the variables.
(xR L T EM AT TIHE.
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Map Coloring it

II)Q'

gl

'| M
l Nerthern

|| Territory @
Western | Queensland
Australia | |
| |
| South |______
| Australia -

| New South Wales

! Victoria ﬁ“\

constraint graph
Tasmania g"]?ﬁ @
B Variables: ZE:

X={WA, NT, Q, NSW, V, SA, T}
B Domains: g%

D.= {red, green, blue}.

B Constraints: neighboring regions should have different colors, i.e., #j&: H4IXBLABEREEE, a0,
C={SA# WA, SA#NT, SA# Q, SA#NSW, SA#V, WA#NT, NT# Q, Q# NSW, NSW # V}
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6.1. Constraint Satisfaction Problems (CSPs)

II)Q'

Example: Map Coloring it

&

constraint graph
Tasm'la Q’JEEI

B SA# WA, a shortcut for <(SA, WA), SA# WA>, can be enumerated in turn as:
SA# WA, 2<(SA WA), SAZ WASBEIE, AIIBIT6MLAES
{(red, green),(red,blue),(green, red),......,(blue,green)}
B Many possible solutions to this problem, e.g.,

XA A TS MR RERVRE, f5Ian:
{(WA=red, NT=green,Q=red, NSW=green, V=red, SA=blue, T=green).}
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6.1. Constraint Satisfaction Problems (CSPs)

Appendix: Four Color Theorem & E3&

Given any separation of a plane into contiguous regions, called a map, the regions
can be colored using at most four colors so that no two adjacent regions have the
same color.

BEEETEOEIMARAESDBXE, FRAME, XLXBAUERZESAMBEMUEE, UM
TFAFEERNDPEXBEBRFEE.

) | J J
(Y 8
~’\.,,)"r*<a,r
N/ i emal >
NN
N
by
v _Cp"

Map of the world using just four colors Precise formulation of the theorem
1S FA PO Fh g & B tH 75 2t (5] ZEB B RER
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Job-shop scheduling &l Z a8 R

Factories have the problem of scheduling jobs, subject to various constraints.
T BAEELREE, ZRMERHIL.
Consider the problem of scheduling the assembly of a car:
Z RV IR RBCAYIC) R -
B whole job is composed of tasks, each task is as a variable, where the value of
each variable is the time that the task starts.
BAONTIEBRESSER, BMEFSEA—IEE, HPBIMEENENKESIRRIEIE,
B Constraints: #ysR&#
» one task must occur before another,
—MESWIIMEREES A,
> a task takes a certain amount of time to complete.
EFFE—ERIERTTA.
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Job-shop scheduling &l Z a8 R

Consider a part of the car assembly, consisting of 15 tasks:
BRI AERECER, 215 MES:

B install two axles (front and back), REFHAE (FT. B) ,

W affix all four wheels (right, left, front and back), # rmAiz#z (£, A, & B ,
B tighten nuts for each wheel, T RENERNIES,

B affix four hubcaps, and % EONERE,

M inspect the final assembly. KRERERER.

The tasks can be represented with 15 variables:
IZESARINEER TR
X = {Axler, Axleg, Wheelr, Wheel, -, Wheelyg, Wheel, g,
Nutspe, Nuts, r, Nutsgg, Nuts, g, Cappr, Cap,r, Caprg, Cap, g, Inspect}
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Job-shop scheduling &l Z a8 R

Next represent precedence constraints between tasks.
THEHRRESEMRIAERARES:
B The axles have to be in place before wheels are put on (10 minutes), so:
FEERREZAT (1058) ZEH TR -
Axles + 10 < Wheel.;  Axles + 10 < Wheel ¢;
Axleg + 10 < Wheelg;  Axleg + 10 < Wheel 5.

M For each wheel, must affix the wheel (1 minute), then tighten nuts (2 minutes),

and finally attach hubcap:
XENER, AR EZER (ot , BirRiEZ Qo) , REEHELLRRE:
Wheelp + 1 < Nutspe;  Nutspe + 2 < Cappe;
Wheel - +1 < Nuts,-;  Nuts;c+2 < Cap,g;
Wheelz + 1 < Nutspg;  Nutspg +2 < Capgg;
Wheel g + 1 < Nuts,g;  Nuts;z+2< Cap,z.
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Job-shop scheduling &l Z a8 R

Need a disjunctive constraint that Axle- and Axleg must not overlap in time; either

one comes first or the other does:
EE— AR EZEY, BlAx/e, FlAx/e, BIE] EARGEEE; E24—1EM. B S — M.

Axler + 10 <Axleg or Axleg+ 10 <Axle.

Also need to assert that the inspection comes last and takes 3 minutes. For every

variable except inspect we add a constraint of the form.
EEEZHREVEMAREHAFEEIDH. RTRESITE, EEEMNTEANLAR:
X+ d, < Inspect
Finally, suppose there is a requirement to get the whole assembly done in 30
minutes. We can achieve that by limiting the domain of all variables:
mE, BRXEELERACEI0THITA. FHINTTLLUBERGI T BT =RISErERCIN
D={1,2,3,...,27)
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6.1. Constraint Satisfaction Problems (CSPs)

Why Formulate a Problem as a CSP

CSP is a natural representation for a wide variety of problems.

CSPEX} 1R Z Mol Y —F B AR 7R
CSP-solving system is easier to solve a problem than another search technique.
EREERFARRAL, CSPRERZESS ARG,
CSP solver can be faster than state-space searchers, since it can quickly eliminate
large swatches of the search space.

CSPKRARGELRTSZERHREE R, FAEAARERR AR ZZEEFER,
Example: O
Once we chose {SA = blue} in the Australia problem, we can conclude that none of
the 5 neighboring variables can take on the value blue, therefore:
ERARFL e —ZIRFE(SA = bluet , BMAIUSEIEIR, STMHEMTEENREHIEE L /ve, ElI:

=243 assignments = 2° =32, areduction of 87%.
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6.1. Constraint Satisfaction Problems (CSPs)

Why Formulate a Problem as a CSP

In regular state-space search E#aRAS=EEZ
B (We can only ask) is this specific state a goal? No? What about this one?
(FAXBEEIE) XMHFERSEEFL? A2? Bax—1PEftA4?
With CSP s mcsp
B Once we find out that a partial assignment is not a solution, we can immediately
discard further refinements.
—BRERNLAMWENEFIRELSSHENE, RNATUARBFH—PHE .
B And, we can see why the assignment is not a solution —— we see which
variables violate a constraint.
HEH, RNEFEAGLAZHEANRRE — BRNEBWIZEEFTRAR.
B S0, many problems can be solved quickly when formulated as a CSP.
i, HERNUA—CSPRVIE, 1T ElRER AT LARIEISRIARR .
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6.1. Constraint Satisfaction Problems (CSPs)

Variations on the CSP Formalism csPizztgya ik

Domains g5

Discrete =# Continuous &4:
Finite HIR Map coloring problem its[E% (o] 5% none
Infinite JchR Set of integers or strings ## =S FHEES none
Constraints #3%
unary 17 binary 27t n-ary nx
Linear #14 ((SA), SA # green) SA + WA Alldiff (F T, U, W, R, O)

Nonlinear &4 no algorithm exists BT =%
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6.1. Constraint Satisfaction Problems (CSPs)

Cryptarithmetic &= %
It is a type of mathematical game consisting of a mathematical equation among
unknown numbers, whose digits are represented by letters.
e—MEZFEIL, BRHBFENBFEFNER, XERFHERTRTEE,

The goal is to identify the value of each letter. 8.
HBmSRNES N FEHE.

Cryptarithmetic is also known as:

B R EHIRA -
Alphametics B =fE

Verbal arithmetic B zZg=
Word addition B =
Cryptarithm B gz
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6.1. Constraint Satisfaction Problems (CSPs)

Example: Some Cryptarithmetic Problems %%+ 55

B SEND + MORE = MONEY

B HALF + HALF =WHOLE

B THREE + THREE + ONE = SEVEN
B ONE + THREE + FOUR = EIGHT

B EERREXS = BRRLE

=5 AR X9 = RS L

" EDH X1 = DL

Wk T - M BECTE - ERM T = 5

Principles of Artificial Intelligence :: Searching :: CSP
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6.1. Constraint Satisfaction Problems (CSPs)

Example: A Cryptarithmetic Formatted as a CSP

TWO + TWO = FOUR
B Variables &: X={F T U W, R O, Cyy, Cyiy Cioo0}
B Domains sE®: D,={0,1,2,3,4,5,6,7,8,9
B Global Constraints £&#9sRk: Alldiff (F T, U, W, R, 0)
B Addition constraints Kifn#ysk: (n-ary)

O+O=R+10'C10
C100+T+ T=O+1O 'C1000

a solution —Mi%: 938 + 938 = 1876

Ciono = F
where C,4, C;00, @nd Cyqq, are auxiliary variables, representing the digit Constraint hypergraph
carried over into the tens, hundreds, or thousands column. 5 4B A

HP oy Copn AR Coop =HBNEE, FRZBFHMBITAL. B E T
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6.1. Constraint Satisfaction Problems (CSPs)

A Theoretical Aspect of CSPs: Decision Problems cspstgIB® /S E: SR &G
CSPs are also studied in

B computational complexity theory and finite model theory.
CSPstl B H E 4 IFIR B RIZEIL T EM T AYIC)RE
Most classes of CSPs that are known to be tractable are those
AZHBANARZLIERICSPs B IX A — L o] :
B where the hypergraph of constraints has bounded tree width, or
ARNBEIEFEAIME, &
B where the constraints exist essentially non-unary polymorphisms of the set of
constraint relations.
ARKREGFEARXRENIEF—TISMN.
Every CSP can also be considered as a conjunctive query containment problem.
B CSPH AT EFR ENEIGBR 2 )=

e ———leS
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6.1. Constraint Satisfaction Problems (CSPs)

Real-World CSPs #sctt & BCSPs

FZMSEFREET N ETS:
Assignment problems
Timetabling problems
Hardware configuration
Transportation scheduling
Factory scheduling
Circuit layout
Floor planning
Fault diagnosis

Principles of Artificial Intelligence :: Searching :: CSP

Many real-world problems involve real-valued variables:

S Be B) &
8] = ] @1
BEHEE
B E
T AR
B EX 2k
EERX
B IS BT
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6.1. Constraint Satisfaction Problems (CSPs)

Resolution of CSPs cspspyfi

CSPs on finite domains are typically solved using a form of search.

B BRI HE H BYCSPs o] #1118 5 K A SR 2 NI =R AR

The most used techniques are variants of

& HBECENT:

M constraint propagation,
ZIRIE1E

M backtracking,
[5]34

MW |ocal search.
ISE S

We will discuss the three techniques in next three sections
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